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Abstract
Vassiliev’s 1-knot invariants are defined in a combinatorial way as finite type invariants. The notion
of a finite type invariant associated with given local operations is defined. In this paper we prove
that a local operation called a 1-handle surgery is an unknotting operation for generically immersed
surfaces in 4-space and investigate the finite type invariants of such surfaces in 4-space associated
with this operation.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
We work in the PL category and assume that all immersions are locally flat. In this paper
a surface knot means a closed connected surface (possibly non-orientable) generically
immersed in 4-space R4; namely, the multiple point set consists of isolated transverse
double points. Two surface knots F and F ′ are equivalent if they are ambient isotopic
in R4, and we denote it by F ∼= F ′. The surface knots S0, S+, S−, T0,P+,P− illustrated in
Fig. 1 by the motion picture method are called standard surface knots. (S0 is an embedded
2-sphere, S− and S+ are immersed 2-spheres with a single double point, T0 is an embedded
torus, P− and P+ are embedded projective planes.) A surface knot is said to be unknotted
if it is equivalent to a connected sum of some standard surface knots.
A cylindrical 3-ball H =D2 × [0,1] embedded in R4 is called a 1-handle attached to a
surface knot F if the intersectionH ∩F is D2×{0,1} and it misses the double points of F .
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Fig. 1.
Replacing H ∩ F by the annulus ∂D2 × [0,1], we obtained another surface knot. We call
such a replacement a 1-handle surgery. If F is orientable and the surface obtained by the 1-
handle surgery is also orientable, then we call the 1-handle an orientable 1-handle and the
surgery an orientable 1-handle surgery. A 1-handle surgery changes the topological type
of F as an abstract surface; it reduces the Euler characteristic by two. It does not change
the double points of F and the normal Euler number, cf. [14].
Theorem 1.1 (Unknotting Theorem for Orientable Surface Knots [15]). For an orientable
surface knot F , there exists a finite set of mutually disjoint orientable 1-handles attached
to F such that the surgery result is an unknotted surface knot.
This is well known in the case that F is an orientable and embedded surface knot. In
this case, F bounds a compact orientable 3-manifold in R4 and one can obtain desired
1-handles from the 1-skeleton of the 3-manifold. Refer to [11] for details. Related topics
are found in [2,6,11,13,15,17,21]. The argument in [11] is still valid when F is a non-
orientable embedded surface knot whose normal Euler number is 0. The case that F is
a non-orientable embedded surface knot with a non-zero normal Euler number is proved
in [14].
The following theorem is a non-orientable version of Theorem 1.1.
Theorem 1.2 (Unknotting Theorem for Non-Orientable Surface Knots). For a non-
orientable surface knot F , there exists a finite set of mutually disjoint 1-handles attached
to F such that the surgery result is an unknotted (non-orientable) surface knot.
Let ∇ = (T0, T1) be a pair of surfaces properly immersed in a 4-ball D4 with ∂T0 = ∂T1
such that their multiple point sets consist of transverse double points. For a surface knot F ,
if there is an embedding h :D4 → R4 such that F ∩ h(D4) = h(T0), then by replacing
h(T0) by h(T1) we get another surface inR4. Such a replacement is called a local operation
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associated with ∇ . We call ∇ the type of the operation and the 4-ball h(D4) the support of
the operation.
A 1-handle surgery is regarded as a local operation such that T0 is a pair of 2-disks
embedded trivially in D4 and T1 is a trivially embedded annulus.
Let L be a family of equivalence classes of surface knots such that it is closed under
local operations of type ∇ . Consider a surface knot F with [F ] ∈ L and n embeddings
hi :D
4 → R4 (i = 1, . . . , n) such that F ∩ hi(D4) = hi(T0) for i = 1, . . . , n and that
hi(D
4) ∩ hj (D4) = ∅ for i = j . For each n-tuple of signs (ε1, . . . , εn), we denote by
Fε1,...,εn the surface knot in R4 obtained by replacing hi(T0) by hi(T1) for i such that
εi =+1. A map v :L→ A from L to an abelian group A is called a finite type invariant
of L of order n − 1 associated with the local operations if for any surface knot F with
[F ] ∈ L and any n embeddings hi (i = 1, . . . , n) as above, the following equation holds:∑
(ε1,...,εn)
ε1 · · ·εnv(Fε1,...,εn)= 0,
where the sum is taken for all n-tuples of signs.
The basic invariants of a surface knot F are χ(F), e(F ) and d(F ), where χ(F) is the
Euler characteristic of F as an abstract surface (not as a subset of R4), e(F ) is the normal
Euler number of F and d(F ) is the number of double points.
If F ′ is obtained from F by a 1-handle surgery, then
χ(F ′)= χ(F)− 2, e(F ′)= e(F ), d(F ′)= d(F ).
Therefore, in the case that the local operations are 1-handle surgeries and L is the family
of all equivalence classes of surface knots, χ(F) is an invariant of order 1, and e(F ) and
d(F ) are invariants of order 0.
Theorem 1.3. Let v :L→A be a finite type invariant of order m, for some m, associated
with orientable 1-handle surgeries, where L is the family of all equivalence classes of
orientable surface knots. If orientable surface knots F and F ′ have the same basic
invariants, then v(F )= v(F ′).
Theorem 1.4. Let v :L→A be a finite type invariant of order m, for some m, associated
with 1-handle surgeries, where L is the family of all equivalence classes of surface knots.
If surface knots F and F ′ have the same basic invariants and if both of them are orientable
or non-orientable, then v(F )= v(F ′).
We prove Theorem 1.2 in Section 2. In Section 3, we see that unknotted surface knots
are determined from their basic invariants and orientability. In Section 4, Theorems 1.3
and 1.4 are restated as Theorems 4.1 and 4.2 in terms of the Vassiliev modules associated
with 1-handle surgeries. They are proved in Section 5. In Section 6, some related topics are
given.
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2. Unknotting theorem and stability of unknots
By a simple arc attached to a surface knot F , we mean a polygonal simple arc γ in R4
such that γ ∩F = ∂γ and ∂γ misses the double points of F . Two simple arcs attached to F
are said to be equivalent if one is isotopic to the other by an ambient isotopy of R4 keeping
F setwise fixed. By a standard argument on general position, we see that two simple arcs
γ0 and γ1 are equivalent if and only if there is a homotopy {gt } between them such that
each gt is a (possibly non-simple) arc attached to F . Thus the equivalence class can be
treated as a homotopy class in the sense of [2,11].
Two 1-handles H and H ′ attached to F are locally equivalent if they have a common
regular neighborhoodN in R4 and if they are ambient isotopic by an isotopy of N keeping
F ∩N setwise fixed. They are globally equivalent if they are ambient isotopic by an isotopy
of R4 keeping F setwise fixed.
For a 1-handle H =D2 × [0,1], the centerline {0} × [0,1] is called the core of H . If a
simple arc γ attached to F is given, there are two local equivalence classes of 1-handles
attached to F with core γ . If F is orientable and if we consider only orientable 1-handles,
then the local equivalence class of an (orientable) 1-handle with a given core is unique [2,
11].
Lemma 2.1 (Stability of Unknotted Surfaces Knots). Any surface knot obtained from an
unknotted surface knot by a 1-handle surgery is unknotted.
Proof. Let a surface knot F ′ be obtained from an unknotted surface knot F by a 1-handle
surgery along a 1-handle H , and let γ be the core of H . Since the fundamental group
π1(R4 \ F,∗) is a cyclic group generated by a meridian of F , we may assume that γ is
attached to F trivially [2,11,14]. Then F ′ is the connected sum of F and a standard torus
T0 or a pair of standard projective planes P− and P+, cf. [11,14]. ✷
Lemma 2.2. Let a surface knot F ′ be obtained from a surface knot F by a sequence of m
1-handle surgeries. There exists a set of m mutually disjoint 1-handles attached to F such
that the surgery result is equivalent to F ′.
Proof. Let F = F0, . . . ,Fm = F ′ be a sequence of surface knots from F to F ′ such that
for each i (i = 1, . . . ,m), Fi is obtained from Fi−1 by a 1-handle surgery along a 1-
handle Hi . Let N1 be a regular neighborhood of H1 in R4. Since the inclusion-induced
homomorphism π1(∂N1 \ F0,∗)→ π1(N1 \ F0,∗) is surjective (in fact, isomorphic), we
may replace the core of H2 with a simple arc attached to F1 disjoint from N1 without
changing the equivalence class. This replacement is realized by an ambient isotopy of R4.
We denote by the same symbols Hi (i = 2, . . . ,m) and F2, . . . ,Fm the images of them
by this ambient isotopy. Then we have a new sequence such that H2 is disjoint from H1.
Repeating this procedure, we obtain the desired 1-handles. ✷
A cylindrical 3-ball H = D2 × [0,1] in R4 is called a 2-handle attached to a surface
knot F if the intersection H ∩ F is ∂D2 × [0,1] and it misses the double points of F .
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Replacing the annulus ∂D2 × [0,1] by the 2-disks D2 × {0,1}, we obtained another
surface knot (possibly disconnected). This replacement is called a 2-handle surgery. In
other words, a 2-handle surgery is the inverse operation of a 1-handle surgery.
Lemma 2.3. Let F0,F1 and F2 be surface knots such that F1 is obtained from F0 by a 2-
handle surgery and F2 is obtained from F1 by a 1-handle surgery. Then there is a surface
knot, say F ′1, such that F ′1 is obtained from F0 by a 1-handle surgery and F2 is obtained
from F1 by a 2-handle surgery up to equivalence.
Proof. Let H 2 be the 2-handle attached to F0 such that F1 is obtained by surgery along it,
and let H 1 be the 1-handle attached to F1 such that F2 is obtained from F1 by surgery along
it. Let N be a regular neighborhood of the 2-handleH 2 inR4. IfH 1 is disjoint fromN , then
we can apply the 1-handle surgery to F0 before the 2-handle surgery along H 2. If it is not
disjoint fromN , then move it out fromN up to global equivalence. This is possible because
the inclusion-induced homomorphism π1(∂N \F1,∗)→ π1(N \F1,∗) is surjective. ✷
Let v1, . . . , vn be the double points of a surface knot F0, and N1, . . . ,Nn their regular
neighborhoods in R4. The restriction of F0 to each Ni is the cone of a Hopf link, say Li , in
the 3-sphere ∂Ni with the cone vertex vi . Put W = R4 \ ( ˚N1 ∪ · · · ∪ ˚Nn). The intersection
F0 ∩ W is a properly embedded surface in W . For each i (i = 1, . . . , n), let Ai be a
standardly embedded annulus in the 3-sphere ∂Ni with boundary Li . Although there are
two possibility of Ai , choose one of them arbitrarily. Let F˜0 be an embedded surface knot
which is the union of F0 ∩W and Ais (i = 1, . . . , n).
Let F1 be another surface knot such that F0 ∩Ni = F1 ∩Ni for each i (i = 1, . . . , n) and
F1 has no double points besides v1, . . . , vn. Let F˜1 be the embedded surface knot which is
the union of F1 ∩W and Ais (i = 1, . . . , n).
Lemma 2.4. In the above situation, suppose that e(F˜0)= e(F˜1). Then F0 is transformed
into F1 by a sequence of 1-handle surgeries and 2-handle surgeries (up to ambient isotopy
of R4 keeping N1, . . . ,Nn fixed).
Proof. First, we consider a case that e(F˜0) = e(F˜1) = 0. By a similar argument to [14,
Theorem 3.8], we see that F˜j (j = 0,1) bounds a 3-manifold embedded in R4, say Mj ,
such that Mj ∩ Ni = Ai for each i ∈ {1, . . . , n} (in particular Mj ⊂ W ). Consider a
3-manifold M in W × [0,1] with





× [0,1] ∪M1 × {1},
whose boundary is an embedded surface





× [0,1] ∪ (F1 ∩W)× {1}.
Push the interior of M into the interior of W × [0,1] and assume M is properly embedded
3-manifold in W × [0,1]. Deform M by an isotopy in W × [0,1] relative to the boundary
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so that the restriction of the projection π :W × [0,1] → [0,1] to M is a Morse function.
If there is a critical point p ∈M of index 0, take a simple arc α : [0,1]→ int(W × [0,1])
such that π ◦α is an embedding and α(0)= p and α(1) is a regular point of M . Consider a
(4-dimensional) 1-handle D3 × I attached to M in the interior of W × [0,1] with core
α such that the 1-handle surgery along it eliminates the critical point p and yields a
critical point of index 1. (This idea is found in [19,12].) We denote the new 3-manifold
in W × [0,1] by the same symbol M . Applying this procedure to each critical point of
index 0 and a similar procedure to each critical point of index 3, we may assume that
the Morse function M → [0,1] has no critical points of index 0 and index 3. This Morse
function gives a sequence of 1-handle surgeries and 2-handle surgeries in W transforming





)= e(F˜1)= 2εs (s > 0, ε ∈ {+1,−1}),
let F ′j (j = 0,1) be the connected sum Fj $($sP−ε) of Fj and s copies of P−ε , and let
F ′′j (j = 0,1) be the connected sum of F ′j and s copies of Pε . The surface F ′′j is obtained
from Fj by 1-handle surgeries along s 1-handles, cf. [11,14]. Since e(F˜0$($sP−ε)) =
e(F˜1$($sP−ε))= 0, we see from the previous case that F ′0 and F ′1 are related by a sequence
of 1-handle and 2-handle surgeries. Thus F ′′0 and F ′′1 are related by a sequence of 1-handle
and 2-handle surgeries, and so are F0 and F1. ✷
Proof of Theorem 1.2. For a surface knot F = F0, there exists an unknotted surface knot
F1 such that F0 and F1 satisfy the condition of Lemma 2.4. This is seen as follows: Let
N1, . . . ,Nn, A1, . . . ,An, W and F˜0 be as before. Let U be a split sum of n copies of a
standard surface knot S− in R4 such that F0 ∩ Ni = U ∩ Ni for each i (i = 1, . . . , n).
Applying 1-handle surgeries trivially, we assume that U is connected and unknotted. Let
U˜ be an embedded surface knot which is the union of U ∩W and Ais (i = 1, . . . , n). If




)− e(U˜ )= 2εs (s > 0, ε ∈ {+1,−1}),
then let F1 be a connected sum of U and s copies of Pε .
By Lemma 2.4, F0 is transformed into F1 by a sequence of 1-handle and 2-handle
surgeries (up to ambient isotopy). Using Lemma 2.3, we may assume that the 2-handle
surgeries follow the 1-handle surgeries. Thus there is a surface knot, say F ′, such that F ′
is obtained from both of F0 and F1 by 1-handle surgeries (up to ambient isotopy). By
Lemma 2.2, there is a finite set of mutually disjoint 1-handles attached to F0 such that the
surgery result is ambient isotopic to F ′. On the other hand, since F1 is an unknotted surface
knot, we see that F ′ is unknotted (Lemma 2.1). ✷
The orientable 1-handle unknotting number of an orientable surface knot F is the
minimum number of orientable 1-handles attached to F such that the surgery result is
an orientable unknotted surface knot, which we denote by uori(F ).
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The unoriented 1-handle unknotting number of a surface knot F is the minimum number
of 1-handles attached to F such that the surgery result is an (orientable or non-orientable)
unknotted surface knot, which we denote by uunori(F ).
3. Uniqueness of unknotted surface knots
The basic invariants χ , e and d of standard surface knots are as follows. See Table 1.
Let F be an unknotted surface knot. By definition, it is equivalent to the connected sum
of m1 copies of S0, m2 copies of S−, m3 copies of S+, m4 copies of T0, m5 copies of P−,
and m6 copies of P+. We may assume that m1 is always 1. So,
F ∼= S0$($m2S−)$($m3S+)$($m4T0)$($m5P−)$($m6P+).
Lemma 3.1. In the above situation, the basic invariants of F are given by
χ(F) = 2− 2m4 − (m5 +m6),
e(F ) = 2(m2 −m3 +m5 −m6),
d(F ) = m2 +m3.
Proof. Since χ(F1$F2)= χ(F1)+χ(F2)−2, e(F1$F2)= e(F1)+e(F2) and d(F1$F2)=
d(F1)+ d(F2) for any surface knots F1 and F2, we see the result from the basic invariants
of standard surface knots. ✷
The following lemma shows that the above decomposition of F is not unique.
Lemma 3.2.
(1) S−$P+ and S+$P− are equivalent.
(2) T0$P− and P−$P−$P+ are equivalent.
(3) T0$P+ and P−$P+$P+ are equivalent.
Proof. (1) See Fig. 2. (2) See Fig. 3. (3) is the mirror image of (2). ✷
Lemma 3.3. Any orientable unknotted surface knot is uniquely expressed in the form
S0$($m2S−)$($m3S+)$($m4T0)
Table 1
S0 S− S+ T0 P− P+
χ 2 2 2 0 1 1
e 0 −2 +2 0 −2 +2
d 0 1 1 0 0 0
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Fig. 2.
Fig. 3.
and m2,m3,m4 are determined from the basic invariants. In particular, two orientable
unknotted surface knots with the same basic invariants are equivalent.
Proof. Let F ∼= S0$($m2S−)$($m3S+)$($m4T0)$($m5P−)$($m6P+). Since F is orientable,
m5 =m6 = 0. By Lemma 3.1, we have
m2 =
(
e(F )+ 2d(F ))/4,
m3 =
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Lemma 3.4. Any non-orientable unknotted surface knot is uniquely expressed in the form
S0$($m2S−)$($m3S+)$($m5P−)$($m6P+) with m2m6 = 0
and m2,m3,m5,m6 are determined from the basic invariants. In particular, two non-
orientable unknotted surface knots with the same basic invariants are equivalent.
Proof. Let F ∼= S0$($m2S−)$($m3S+)$($m4T0)$($m5P−)$($m6P+). Since F is non-orien-
table, at least one of m5 andm6 is non-zero. Using Lemma 3.2, we may assume that m4 = 0
and at least one of m2 and m6 is zero. If m2 = 0, then by Lemma 3.1, we have m3 = d(F ),
m5 = (4−2χ(F)+e(F )+2d(F ))/4 andm6 = (4−2χ(F)−e(F )−2d(F ))/4. Ifm6 = 0,
then m5 = 2 − χ(F), m2 = (−4 + 2χ(F)+ e(F )+ 2d(F ))/4 and m3 = (4 − 2χ(F)−
e(F )+ 2d(F ))/4. ✷
4. The Vassiliev modules associated with local operations
Let L be a family of equivalence classes of surface knots such that it is closed under
local operations of type ∇ = (T0, T1). Let F be a surface knot with [F ] ∈ L and consider
n embeddings hi :D4 →R4 (i = 1, . . . , n) such that F ∩hi(D4)= hi(T0) for i = 1, . . . , n
and that hi(D4)∩hj (D4)= ∅ for i = j . For each n-tuple of signs (ε1, . . . , εn), let Fε1,...,εn
be the surface knot defined in the introduction. We have an element∑
(ε1,...,εn)
ε1 · · ·εn[Fε1,...,εn]
of the Z-module ZL generated by L. Denote by Ln the module of ZL spanned by such
elements for all F with [F ] ∈ L and n embeddings hi as above. Evidently, we have
L1 ⊃ L2 ⊃ · · · .
The nth Vassiliev module ofL associated with local operations of type∇ is the Z-module
ZL/Ln. A mapping v :L→ A is of finite type of order n− 1 if and only if its extension
v :ZL→A is factored through this module.
Theorems 1.3 and 1.4 are consequence of the following.
Theorem 4.1. Let L be the family of all equivalence classes of orientable surface knots,
and let Ln be the nth Vassiliev module of L associated with orientable 1-handle surgeries.
If orientable surface knots F and F ′ have the same basic invariants, then [F ] − [F ′] ∈ Ln
for every n ∈N.
Theorem 4.2. Let L be the family of all equivalence classes of surface knots, and let Ln be
the nth Vassiliev module of L associated with 1-handle surgeries. If surface knots F and
F ′ have the same basic invariants and if both of them are orientable or non-orientable,
then [F ] − [F ′] ∈ Ln for every n ∈N.
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5. Proof of Theorems 4.1 and 4.2
Proof of Theorem 4.1. We prove the following assertion for every m ∈N.
Assertion I(m). Let F and F ′ be orientable surface knots with the same basic invariants.
If uori(F )m and uori(F ′)m, then [F ] − [F ′] ∈ Ln for any nm+ 1.
Let χ0 = χ(F)= χ(F ′), e0 = e(F )= e(F ′) and d0 = d(F )= d(F ′).
We denote by U(a,b,c) an orientable surface knot whose basic invariants are χ = a, e=
b, d = c. By Lemma 3.3, it is unique up to equivalence.
Since uori(F )m, there exist m mutually disjoint 1-handles Hi (i = 1, . . . ,m) attached
to F such that the surgery result along them is an orientable unknotted surface knot. This
unknotted surface knot is equivalent to U(χ0−2m,e0,d0).
Let n be an integer with n m+ 1, and consider parallel copies Hm+1, . . . ,Hn of H1
such that H1, . . . ,Hn are mutually disjoint 1-handles attached to F . For each n-tuple of
signs (ε1, . . . , εn), let Fε1,...,εn denote a surface knot obtained by 1-handle surgeries along
Hi for i with εi =+1. Let p = p(ε1, . . . , εn) be the number of positive signs in the n-tuple
of signs (ε1, . . . , εn). Then χ(Fε1,...,εn)= χ0 − 2p, e(Fε1,...,εn)= e0 and d(Fε1,...,εn)= d0.
If p > 0, then by Lemma 2.1 we see that uori(Fε1,...,εn)m− 1.
We prove the assertion by induction on m. If m= 1, then Fε1,...,εn ∼= U(χ0−2p,e0,d0) for
any (ε1, . . . , εn) with p = p(ε1, . . . , εn) > 0. Thus,∑
(ε1,...,εn)








[U(χ0−2p,e0,d0)] + (−1)n[F ].
Since the left-hand side belongs to Ln and a similar equation holds for F ′, we have
[F ] − [F ′] ∈Ln.
If m 2, then by the induction hypothesis we have [Fε1,...,εn]− [u(χ0−2p,e0,d0)] ∈ Ln for
any (ε1, . . . , εn) with p = p(ε1, . . . , εn) > 0. Thus,∑
(ε1,...,εn)









[U(χ0−2p,e0,d0)] + (−1)n[F ] (mod Ln).
Therefore we see that [F ] − [F ′] ∈ Ln. This completes the proof of the assertion. Since
L1 ⊃ L2 ⊃ · · · , we have [F ] − [F ′] ∈ Ln for all n. Therefore we have Theorem 4.1. ✷
Proof of Theorem 4.2. The case that F and F ′ are orientable is a consequence of
Theorem 4.1, since the set Ln of Theorem 4.2 is a subset of the set Ln of Theorem 4.1. So
we consider that F and F ′ are non-orientable. When we denote byU(a,b,c) a non-orientable
surface knot whose basic invariants are χ = a, e = b, d = c. By the same argument as
Assertion I(m), we see that the following assertion holds for every m ∈N.
Assertion II(m). Let F and F ′ be non-orientable surface knots with the same basic
invariant. If unonori(F )m and unonori(F ′)m, then [F ] − [F ′] ∈Ln for any nm+ 1.
Since L1 ⊃ L2 ⊃ · · · , we have that [F ] − [F ′] ∈Ln for every n ∈N. ✷
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6. Remark
In this paper we treated 1-handle surgeries. 1-handle surgeries are an unknotting
operation of “cobordism type”; that is, a sequence of 1-handle surgeries (and its inverse
operations) between two surface knots forms a cobordism between them. There is another
unknotting operation of surface knots called a finger move, which is an unknotting
operation of “regular homotopy type”; that is, a sequence of finger moves (and its inverse
operations) between two surface knots forms a regular homotopy between them (cf. [7,10,
16,20,23,24]).
These two unknotting operations have some common features: They are determined
from a simple arc attached to the surface knot. A lemma of stability of unknotted surface
knots like Lemma 2.1 and a unknotting theorem like Theorems 1.1 and 1.2 hold for finger
moves. By a parallel argument to this paper, it is proved in [16] that an analogue of
Theorem 1.3 holds for finger moves. This is interesting because the two operations are
completely different operations.
Recall that for 1-handle surgeries, the Euler characteristic χ(F) is of order 1, the normal
Euler number e(F ) is of order 0 and the double point number d(F ) is of order 0. If we
treat finger moves as local operations, then χ(F) is of order 0, the normal Euler number
e(F ) is of order 0 and the double point number d(F ) is of order 1 [16]. If we consider
a local operation to take a connected sum of a standard surface knot S+, then χ(F) is of
order 0, the normal Euler number e(F ) is of order 1 and the double point number d(F ) is
of order 1. However this operation is not an unknotting operation.
In [8,9], another kind of local operation is treated. That is an unknotting operation for
ribbon 2-knots and it is proved that finite type invariants for ribbon 2-knots associated with
the operations are obtained from Alexander polynomials in a certain way.
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